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Abstract 

We consider a parabolic problem with degeneracy in the interior of the spatial 
domain and Neumann boundary conditions. In particular, we will focus on the well- 
posedness of the problem and on Carleman estimates for the associated adjoint problem. 
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1 Introduction 


The study of degenerate parabolic equations is the subject of numerous articles and books. 
Indeed many problems coming from physics, biology and economics are described by degen¬ 
erate parabolic equations, whose linear prototype is 

du 

— — Au = h(t, x), (t,x) £ (0,T) x (0,1) (1.1) 

with the associated desired boundary conditions. Here T > 0 is given, h belongs to a suitable 
Lebesgue space and Au = A\u := ( au x ) x or Au = A 2 U := au xx , where a is a degenerate 
function. 

In the present paper we will focus on a particular topic related to this field of research, 
i.e. Carleman estimates for the adjoint problem of the previous equation. Indeed, they have 
so many applications that a large number of papers has been devoted to prove some forms 
of them and possibly some applications. For example, it is well known that they are crucial 
for inverse problems (see, for example, [22) and for unique continuation properties (see, for 
example, m)- In particular, they are a fundamental tool to prove observability inequalities, 
which lead to global null controllability results for the Cauchy problem associated to EH 
also in the non degenerate case (see, for instance, m - 0 , m - m, m - m, m, m and 
the references therein). For related systems of degenerate equations we refer, for example, 
to [T] and 0. 

In most of the previous papers the authors assume that the function a degenerates at 
the boundary of the space domain, for example a(x) = x k {l — x) a , x £ [0, 1], where k and 
a are positive constants, and the degeneracy is regular .The question of Carleman estimates 
for partial differential systems with non smooth coefficients, i.e. the coefficient a is not of 
class C 1 (or even with higher regularity, as sometimes it is required) is not fully solved yet. 
Indeed, the presence of a non smooth coefficient introduces several complications, and, in 
fact, the literature in this context is quite poor also in the non degenerate case (for more 
details see BSD- To our best knowledge, the first results on Carleman estimates for the 
adjoint problem of EH with an interior degenerate point are obtained in [18], for a regular 
degeneracy, and in [T9], for a globally non smooth degeneracy. We underline that in [18] and 
in m the authors consider the problem in divergence (jl8l. m) or in non divergence form 
([19]) but only with Dirichlet boundary conditions. We also refer to [5], where an inverse 
source problem of a 2 x 2 cascade parabolic systems with interior degeneracy is studied. 
However, in all the previous papers the authors consider EH only with Dirichlet boundary 
conditions. Neumann boundary conditions are considered in [3] and in El. but again the 
degeneracy is at the boundary of the space domain. 

The goal of this paper is to give a full analysis of EH) with Neumann boundary conditions 
in the case that the degeneracy occurs at the interior of the space domain; moreover, the 
coefficient is allowed to be non smooth in the non divergence case and in the strongly 
degenerate divergence case. In particular, we consider the following problem: 

Ou 

— - Au = h(t, x), (t, x) £ Q t , 

' u x (t,0) = u x (t, 1) = 0, t > 0, E 2 ) 

u(0,x) = u 0 (x), x£(0,l), 

where Qt '■= (0 ,T) x (0,1), Au := A±u := ( au x ) x or Au := A 2 U := au xx , a degenerates 
at Xq £ (0,1), Mo £ X and h £ L 2 (0,T; X). Here X denotes the Hilbert space L 2 { 0,1), in 
the divergence form, and L\( 0,1), in the non divergence one (for the precise definition of 

L\( 0,1) we refer to Section [3]). 

We give the following definitions: 
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Definition 1.1. The operators A\u := ( au')' and A 2 U = au" are weakly degenerate if there 
exists xo £ (0,1) such that a(x 0) = 0, a > 0 on [0,1] \ {£0}, a £ fT 1,:L (0,1) and there exists 
K\ £ (0,1) such that (x — Xo)a' < K\a a.e. in [0,1]. 

Definition 1.2. The operators A\u := (au')' and A 2 U = au" are strongly degenerate if 
there exists Xq £ (0,1) such that a(xo) = 0, a > 0 on [0,1] \ {xo}, a £ fT 1,oo (0,1) and there 
exists K 2 £ [1, 2) such that (x — xo)a' < K 2 a a.e. in [0,1]. 

Typical examples for weak and strong degeneracies are a(x) = \x — Xo\ a , 0 < a < 1 and 
a(x) = \x — Xo| a , 1 < a < 2, respectively. 

The object of this paper is twofold: first we analyze the well-posedness of the problem 
with Neumann boundary conditions ; second we prove Carleman estimates. To this aim we 
have a new approach: first, we use a reflection procedure and then we employ the Carleman 
estimates for the analogue of (11.21) with Dirichlet boundary conditions proved in PQ5|. Finally, 
as a consequence of the Carleman estimates we prove, using again a reflection procedure, 
observability inequalities. In particular, we prove that there exists a positive constant Ct 
such that every solution v of 

v t + Av = 0, (t,x)&Qr, 

< v x (t, 0) = v x (t, 1) = 0, t £ (0, T), 
v(T,x) = vt(x) £ X, 

satisfies, under suitable assumptions, the following estimate: 

||^(0)||x < Ct ||IIl 2 (o,t ; X)* (1-3) 

Here Xu is the characteristic function of the control region ui which is assumed to be an 
interval which contains the degeneracy point or an interval lying on one side of the degeneracy 
point. As an immediate consequence, we can prove, using a standard technique (e.g., see 
[271 Section 7.4]), the null controllability result for the linear degenerate problem: if (11.31) 
holds, then for every uo £ X there exists h £ L 2 (0,T; X) such that the solution u of 

{ du 

— - Au = h(t, x)xu{x), ( t , x) £ Q t , 

u x (t, 0) = u x (t, 1) = 0, t > 0, ( 1 - 4 ) 

u(0,x) = uq(x), x £ (0,1), 

is such that u(T,x) = 0 for every x £ [0,1]; moreover ||/i||^ 2 ( 0 t-x) — C|I m oIIa'> f° r some 
universal positive constant C. 

We conclude this introduction underlining the fact that in the present paper we consider 
equations in divergence and in non divergence form , since the last one cannot be recast in 
divergence form: for example, the simple equation ut = a(x)u xx can be written in divergence 
form as ut = (a(x)u x ) x — a'u x , only if a' does exist; in addition, as far as well-posedness 
is considered for the last equation, additional conditions are necessary. For instance, for 
the prototype a(x) = |x — Xol^ well-posedness is guaranteed if K > 2. However, in [19] 
the authors prove that if a(x) = |x — Xo]^ the global null controllability fails exactly when 
K > 2. 

The paper is organized as follows: in Sections 2 and 3 we study the well-posedness of the 
problem and we characterize the domain of the operator in some cases. In Sections 4 and 5 
we prove Carleman estimates for the problem in divergence and in non divergence form. As 
a consequence, in Section 6, we prove observability inequalities and we conclude the paper 
with some comments on Carleman estimates. 
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A final comment on the notation: by C and Ct we shall denote universal positive 
constants, which are allowed to vary from line to line and depend only on the coefficients of 
the equation. 


2 Well posedness in the divergence case 

In this section we consider the operator in divergence form, that is A\u = {au ')', and we 
distinguish, as usual, two cases: the weakly degenerate case and the strongly degenerate 
one. 


2.1 Weakly degenerate operator 

Throughout this subsection we assume that the operator is weakly degenerate. 

In order to prove that A \, with a suitable domain, generates a strongly continuous semigroup, 
we introduce, as in [3] or [2D], the following weighted spaces: 

HU 0,1) := (u is absolutely continuous in [0,1] and y/au' £ L 2 { 0,1)} 


with the norm 

ll M llffi(o,i) := IMI! 2 (o,i) + llV^'llW) (2.1) 

and H 2 { 0,1) := {it £ H\{ 0,1)| au' £ i? 1 (0,1)} with 

IMI?f2 ( o,i) := IMItfi ( o,i) + ll( au, ) , |lz,2 (0il) - (2.2) 

Then, define the operator A± by D{A\) = {it £ H 2 { 0,1)| it'(O) = it'(l) = 0}, and, for any 
u £ D(Ai), A\u := (au')'. As in [2D] Lemma 2.1], using the fact that u'(0) = it'(l) = 0 for 
all u £ D{A\), one can prove the following formula of integration by parts: 

Lemma 2.1. For all (u,v) £ D{A\) x H\{ 0,1) one has 

f ( au')'vdx = — f au'v'dx. (2.3) 

Jo Jo 

Now, let us go back to problem s recalling the following 

Definition 2.1. If uq £ L 2 (0,1) and h £ L 2 (Qt) := L 2 (0, T; L 2 { 0,1)), a function u is said 
to be a weak solution of (11.21) with A = A\ if 

u £ C([0, T]; i 2 (0,1)) n L 2 { 0, T; ^(0,1)) 


and 


/ u(T,x)ip(T,x) dx — / uo{x)ip(0,x) dx — / inptdxdt 

Jo Jo Jqt 


— / au x ip x dxdt + / h(p dxdt 
J Qt J Qt 

for all ip£ lL 1 (0,T;L 2 (0,l))nL 2 (0,T;7J{(0,1)). 


Hence, the next result holds. 

Theorem 2.1. The operator A\ : D(Ai) —> L 2 { 0,1) is self-adjoint, nonpositive on L 2 ( 0,1) 
and it generates an analytic contraction semigroup of angle tt/ 2. Therefore, for all h £ 
L 2 (Q t ) and uq £ L 2 ( 0,1), there exists a unique solution 


u £ C([0, T]; i 2 (0,1)) n i 2 (0, T; ^{(0,1)) 
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of 0 such that 


sup |KOIll 2 (0,l) 

te[o,T] 



\\ u if)\\ 2 Hi(o,i)dt < Ct (J|uo|Il 2( 0i1 ) + ||^|Il 2 (q t )) j 


(2.4) 


for some positive constant Ct- Moreover, if h £ VF 1,:L (0, T; L 2 (0, 1)) and uq £ H\( 0,1), 
then 

u £ C 1 ([0, T]; I/ 2 (0,1)) fl C([0, T]; D(A {)), (2.5) 

and there exists a positive constant C such that 


sup 

te[o,T] 


< C 


(l|u( i )llffi(0,l)) + / (|KIIl 2 (0,1) 

J 0 

(lluollffiCo.i) + ll^-lli 2 (0T)) • 


II (flu x ) x ||j dt 


( 2 . 6 ) 


Proof. Observe that D(A\) is dense in L 2 (0,1). In order to show that A\ is nonpositive and 
self-adjoint it suffices to prove that A\ is symmetric, nonpositive and (J — Ai){D(Ai)) = 
L 2 ( 0,1). Following [20], one can prove that A\ is symmetric and nonpositive. Now, we prove 
that I — A\ is surjective, since the proof is quite different. 

First of all, observe that H^( 0,1) equipped with the inner product (u,v )i := f 0 (uv + 
au'v')dx , for any u,v £ Hf( 0,1), is a Hilbert space. Moreover, Hf( 0,1) L 2 (0,1) 

(0,1))*, where (Hf( 0,1))* is the dual space of H\( 0,1) with respect to L 2 ( 0,1) . Now, 

for / £ L 2 { 0,1), consider the functional F : iJ^(0,1) —f R. defined as F(v) := / fvdx. 

Jo 

Clearly, it belongs to (H\( 0,1))*. As a consequence, by the Lax-Milgram Lemma, there 
exists a unique u £ H\( 0,1) such that for all v £ H^( 0,1) (u,v) i = f 0 fvdx. In particular, 
since C^O, 1) C Hf( 0,1), the previous equality holds for all v £ Cf°( 0,1), i.e. f Q au'v'dx = 
Io(f — u)vdx, for all v £ Cf°( 0,1). Thus, the distributional derivative of au' is a function 
in L 2 (0,1), that is au' £ H 1 ( 0,1) (recall that yfau! £ L 2 (0,1)) and {au')' = u — f a.e. in 
(0,1). Then u £ H 2 { 0,1) and, proceeding as in '6] Proposition VIII.16], one can prove that 
w'(0) = it'(1) = 0. In fact, by the Gauss Green Identity and (u,v) i = fvdx, one has that 
for all v £ H\{ 0,1) 


f ( au')'vdx = [au'vff.^ — f au'v'dx = [au'v] x= l — f (/ — u)vdx. (2.7) 
Jo Jo Jo 

In particular, the previous equality holds for all v £ Cf°(0, 1). Thus, [au'vfffzf) = 0 for 
all v £ C£°(0,1) and (au')' = u — f a. e. in (0,1). Coming back to (12.71) . it becomes 
[au'v]%Zo = 0, for all v £ H^( 0,1). Since a(0) and a(l) are arbitrary and a does not 
degenerate in 0 and in 1, one can conclude that u'( 0) = u'( 1) = 0. 

Hence u £ D(Ai), and by (u, v)i = J Q fvdx and Lemma l2.ll we have f Q (u-(au')' — f)vdx = 
0. Consequently, u £ D(A\) and u — A\u = f. 

Finally, A\ being a nonpositive self-adjoint operator on a Hilbert space, it is well known 
that (Ai, D(Ai)) generates a cosine family and an analytic contractive semigroup of angle 
§ on L 2 (0,1) (see, e.g., [2D]H. 

In the rest of the proof, following [Till Theorem 2.1], we will prove (12.41) (12.61) . First, 
being A\ the generator of a strongly continuous semigroup on L 2 (0,1), if uq £ L 2 (0,1), 
then the solution u of (11.21) belongs to C([0,T]; L 2 (0,1)) fl L 2 (0,T; H^(0, 1)), while, if uo £ 
D(Ai) and h £ W 1,:L (0, T; L 2 (0,1)), then u £ C 1 ([0, T]; L 2 (0,1)) D C([0, T]; iJ 2 (0,1)) by [1 
Propositions.3] and [T2l Lemma 4.1.5 and Proposition 4.1.6]. 
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Now, we shall prove m (USD - First, take uq £ D(A\) and multiply the equation of 
m by u; by the Cauchy-Schwarz inequality we obtain for every t £ (0,T], 

2^ll' u ( i )lli 2 (°, 1 ) + llv / aw a ,(t)|||2(o ! i) < 2ll u (*)lli 2 (o,i) + ^ ll^^)lli 2 (°,i)> ( 2 - 8 ) 

from which 

11^(0IIl 2 (o,i) < eT (11^(0)11^2(0,1) + II^IIl2(q t )) (2-9) 

for every t < T. From m and (12^1) we immediately get 

J II WII z,2( 0 ^dt < Ct (11^(0)111,2(0,!) + II^Hl 2 (Qt)) (2-10) 

for every t < T and some universal constant Ct > 0. Thus, by (12.91) and (12.101) . (12.41) follows 
if Mo 6 D(Ai). Since D(A\) is dense in L 2 (0,1), the same inequality holds if uq £ L 2 (0,1). 
Now, we multiply the equation by — (au x ) x , we integrate on (0,1) and we easily get 

— ||\/aM x (0||i2(o, 1 ) + \\(au x ) x (t)\\ 2 L 2( 0 < ||MOIIl 2 (o,:l) for every f, so that, as before, we 

find C' T > 0 such that 

r T 

||v / «w x (OI|l2(o,i) + J ||(aM x ) a: (0|||2( 0 , 1 )dt < (||v / aM x (0)|| i 2( O , 1 ) + ||/i||| 2 (q t )^ (2.11) 

for every t< T. Finally, from ut=(au x ) x +h 1 squaring and integrating, we find fo\\ut(t)\\ 2 L 2 ( 0 i) < 
C (f 0 T ||(aM x ) x || 2 2 ( 01 )+||/i|| 2 2 ( Q T )j , and together with 12.111) we find 

J ll u t(Olli, 2 (o,i) < C (||v / aM x ( 0 )|| i 2 ( O , 1 ) + \\h\\ 2 L nQ T ^ . (2-12) 

In conclusion, (12.81) , (12.91) , (12.111) and (12.121) give (12.41) and (12.61) . Clearly, (12.51) and (12.61) 
hold also if uq £ H^( 0,1), since D(Ai) is dense in H\( 0,1). □ 

2.2 Strongly degenerate operator 

In this subsection we assume that the operator is strongly degenerate. Following [3] , we 
introduce the weighted space 

1^(0,1) := {u £ L 2 ( 0,1) | m locally absolutely continuous in [0, Xq) U (xq, 1] 

and \fav! £ L 2 ( 0,1)} 

with the norm given in (12.IF Define the operator A\ by D(A\) = {u £ H 2 ( 0, l)|u'(0) = 
m'( 1) = 0}, and, for any u £ D(Ai), A\u := (au')' , where (H 2 ( 0,1), || • ||# 2 ( 0 ,i)) is defined 
as before. Since in this case a function u £ H 2 ( 0,1) is locally absolutely continuous in 
[0,1] \ {zo} and not necessarily absolutely continuous in [0,1] as for the weakly degenerate 
case, equality (12.81) is not true a priori. Thus, as in [20] . we have to prove again the formula 
of integration by parts. To do this, an idea is to characterize the domain of A±. The next 
results hold: 

Proposition 2.1. Let 

X := {u £ L 2 ( 0,1) | u locally absolutely continuous in [0,1] \ {rco}, 

\fau' £ L 2 ( 0, l),au is continuous at xq and ( au)(xo ) = 0}. 


Then H*(0,1) = X. 
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Proof. Obviously, X C H*. Now we take u G #1 and we prove that au is continuous at 
xq and (au)(x o) = 0, that is u G X. Toward this end, observe that since a G W 1,oo (0,1), 
(au)' = a! u Paul G L 2 (0,1). Thus, for x < Xq, one has au(x) = (au)(0) + f*(au)'(t)dt 
(observe that (au)( 0) G K). This implies that there exists lim^^- (au)(x) = (au)(x o) = 

(aw)(0) + fo°(au)'(t)dt = L G R. As in [20] Proposition 2.3], one can prove that L = 0. 
Analogously, lim^^-i-(cm) (x) = (au)(x o) = 0. Thus (au)(x o) =0. □ 

Using the previous result, one can prove the following characterization: 

Proposition 2.2. Let 

D := {u G L 2 (0,1) | u locally absolutely continuous in [0,1] \ {xo },au G H l ( 0,1), 
au' G # 1 (0,1 ),au is continuous at xq 
and (au)(xo) = (au')(x o) = 1 /( 0 ) = u'(1) = 0}. 


Then D(A\) = D. 

Proof. Let us prove that D = D(A\). 

D C D(Ai) : It is a simple adaptation of the proof of [20] Proposition 2.4] to which we 
refer. We underline the fact that here we use the boundary conditions w/(0) = u'( 1) = 0. 
D(A ± ) C D : As in the proof of Proposition 12.11 we can prove that au, (au)' G L 2 ( 0,1), 
thus au G # 1 (0,1). Moreover, by Proposition 12.11 (au)(x o) = 0. Thus, it is sufficient to 
prove that (au')(x o) = 0. This follows as in [203, Proposition 2.4]. □ 

We point out the fact that to prove the previous characterization the condition — ^ 

a 

L 1 (0,1) is crucial. Clearly this condition is not satisfied if the operator is weakly degenerate. 
Indeed, in US Lemma 2.1] it is proved that if the operator is weakly degenerate, then 

— G L 1 (0,1); on the other hand, if it is strongly degenerate then — = G L 1 (0,1), while 
a \/a 

-*L\ 0 , 1 ). 

a 


Proceeding as in [201 Lemma 2.6] and using the previous characterization, we can prove 
the formula of integration by parts (12.31) also in the strongly degenerate case. Thus, the 
analogue of Theorem 12.II holds. 


3 Well posedness in the non divergence case 

Now, we consider the operator A 2 U = au'' in the weakly and in the strongly degenerate 
cases and, as in m Chapter 2], we consider the following Hilbert spaces: 

f o r 1 u 2 

Li(0,1) := |mGL 2 (0,1) I J —dx < 00 


#1(0,1) :=Ll(0,l)nlL 1 (0,1) and Hi (0,1) := {w G H\ (0, l) | u' G H 1 ^, 1)}, 

f 1 u 2 

endowed with the associated norms |M| 2 2 ( 0 ^ := / —dx, Vti G L\( 0,1), ||w||^i := 
Nil* (0 ,i) + IKIIi 2 (0 ,i), V«G #1(0,1) and* || m ||^2 (01) := ||u||^i (0|1) + \\au"\\ 2 L ^ (Q1) , Vu G 
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# 2 (0,1), respectively. Indeed, it is a trivial fact that, if u' £ H 1 ( 0,1), then au" £ L\(0, 1), 
so that the norm for H\ (0,1) is well defined and we can also write in a more appealing way 

#1(0,1) := jit £ #1(0,1) | u' £ H\ 0,1) and au" £ #1(0,1)}. 

Using the previous spaces, we define the operator A 2 by D(A 2 ) = (it £ #? (0,1)| it'(0) = 
w'(l) = 0} and, for any u £ D(A 2 ), A 2 u := au". 

Proceeding as in [20] Corollary 3.1], one can prove the following characterization: 

Corollary 3.1. If the operator is weakly degenerate, then the spaces #1(0, 1) and #*(0,1) 
coincide algebraically. Moreover the two norms are equivalent. 

Hence in the weakly case C£°(0, 1) is dense in #1(0,1). 

As for the divergence form, a crucial tool is the following formula of integration by parts: 
Lemma 3.1. For all (u,v) £ D(A 2 ) x #1(0,1) one has 


/ u"v dx = — / u'v' dx. 


(3.1) 


Jo Jo 

Proof. It is trivial, since it'(0)=it'(l)=0 and both m / £# 1 (0, 1) and n£# 1 (0,1). □ 

We also recall the following definition: 

Definition 3.1. Assume that uq £ Ll(0,l) and h £ L\(Qt) := L 2 (0, T; L\ (0,1)). A 
function u is said to be a weak solution of (11.211 with A = A 2 if 

it £ C([0,T];Ll (0,1)) nL 2 (0,T; #1(0,1)) 


and satisfies 


u(T, x)ip(T, x) f 1 uo{x)tp(0, x ) 

-dx — ' 


a(x) 


j 


a(x) dX Jq, 


ip t (t,x)u(t,x) 


a{x) 


dxdt = 


' Qt 


u x (t, x)(p x (t, x)dxdt 


h(t, x)^-Jf—Jdxdt 

a(x) 


for all <p£ # 1 (0,T;L| (0,1)) nl 2 (0,T; #1(0,1)). 

As a consequence of the previous lemma one has the next proposition, whose proof is 
similar to the proof of Theorem 12.11 

Theorem 3.1. The operator A 2 : D(A 2 ) —> L\ (0,1) is self-adjoint, nonpositive on L\ (0,1) 

and it generates an analytic contraction semigroup of angle tt/ 2. Therefore, for all h £ 
L\(Qt) an d u 0 £ Lf (0,1), there exists a unique solution 


u £ (7([0, T]; L\ (0,1)) ni 2 (0,T;#l(0,l)) 


of (mm such that 

sup ||«(t)||i, (o n 
te[o,T] i 


J ll u (^)ll_ft i 1 (o,i)d* — Ct ^ll u o|li2 i ( 0)1 ) + 


\L\(Qt) I > 


(3.2) 






for some positive constant Ct■ Moreover, if h G T; L\ (0,1)) and u o G #1(0,1), 

then 

u G C 1 ([0, T]-L\ (0,1)) n C([0, T\;D(A 2 )), (3.3) 

and there exists a positive constant C such that 

t^T? (jK*)ll^( 0 ,l)) + j o (iM^O,!) + \\ au ^\\l\(o,i)j dt 


< C 1 ( ||lio||iji (0,1) + Ill'llL 2 (Q t ) j ■ 


(3.4) 


Proof. In the (SD) case for the existence and the regularity parts, we can proceed as in 
1 191 Theorem 2.2], to which we refer. In the (WD) case, we proceed as in Theorem 12.11 
first, observe that D(A 2 ) is dense in L 2 (0,1). Then, using Lemma T3. 11 one has that A 2 is 
symmetric and nonpositive. Finally, let us show that I — A 2 is surjective. First of all, observe 

that ff)(0,l) is equipped with the natural inner product (it, v)\ := / (- \-u'v') dx 

“ 7o ' a ' 

for any u,v G #1(0,1). Moreover, it is clear that #1(0,1) ^ L\{ 0,1) (#1(0,1))*, 

where (#1(0,1))* is the dual space of #1(0,1) with respect to L 2 (0,1). Now, if / G 

L 2 (0,1), consider the functional F : #1 (0,1) —» M defined as F(v) := I —dx. Clearly 
a a J 0 a 

it belongs to (#1(0,1))*. As a consequence, by the Lax-Milgram Lemma, there exists a 

f 1 f v 

unique u G #1 (0,1) such that for all v G #1 (0,1), (u,v) i = / J — dx. In particular, since 
a a J Q a 

C£°(0,1) C #1(0,1), the previous equality holds for all v G C£°(0, 1), i.e. / u'v'dx = 

a Jo 


if~u) 


v dx, for every v G Cf°( 0,1). Thus, the distributional derivative of u' is a function 


in Li(0,1) C L 2 (0,1), hence it is easy to see that au" G Li(0,1). Thus u G #? (0,1). 
Proceeding as in Theorem 12.II one can prove that u'( 0) = u'( 1) = 0. In fact, by the Gauss 

f 1 f v 

Green Identity and (u, v)\ = / -— dx, one has that for all v G #1 (0,1), 

Jo a 


f u"vdx = \u'v] x x J 0 - f u'v'dx = [u'v] x J 0 - f 
Jo Jo Jo 


(/-«) 


vdx. 


(3.5) 


In particular, the previous equality holds for all v G C“(0,1). Thus, [u'v] x Zo = 0 for 

all v G Cf°(0,l) and u" = ——— a. e. in (0,1). Coming back to (13.5L it becomes 

a 

[u'vfffZQ = 0, for all v G #1(0,1). Again, one can conclude that u'( 0) = u'(l) = 0. Thus 

^ U - — u" ) vdx = 0. 


f 1 f v f 1 (1 

u G D(A 2 ), and by {u,v)\ = / ; —dx and Lemma I5TT1 we have 

Jo a J q V 

Consequently, u G D(A 2 ) and u — A 2 u = f. As in Theorem 12.11 one can conclude that 


(A 2 , D(A 2 )) generates a cosine family and an analytic contractive semigroup of angle — on 
Li(0,1). The rest of the theorem follows as in [351 Theorem 2.2], 


□ 


3.1 Characterizations in the strongly degenerate case 

In this subsection we will concentrate, as in [20], on the strongly degenerate case and we will 
characterize the spaces #1(0,1) and #? (0,1). We point out the fact that in non divergence 
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form, the characterization of the domain of the operator is not important to prove the 
formula of integration by parts as in divergence form. 

\x — xq I 2 

First of all observe that, as in 118] Lemma 2.11, one can prove that --—— < C, for all 

a(x) 

{ (*o) 2 (1 — Xq) 2 1 

———,-—— >. The following characterization holds: 

a(L)j a(l) J 

Proposition 3.1. Let X := {u £ H 1(0, 1) | u(x 0 ) = 0}. If is strongly degenerate, then 
H\(0, 1) = X and, for all u £ X, ||u|| ff i is equivalent to ^ f*(u') 2 dxj . 


The proof of the previous proposition is a simple adaptation of the proof of [201 Propo¬ 
sition 3.6], to which we refer. An immediate consequence of Proposition 13.II is the following 
result. 


Proposition 3.2. Let 

D := {u £ I au" £ T 2 (0,1), v! £ H x (0, 1) and u(xo) = (au')(xo) = 0}. 

If A 2 is strongly degenerate, then H\ (0,1) = D. 

Proof. Obviously, D C H\( 0,1). Now, we take u £ H\{ 0,1) and we prove that u £ D. 

By Proposition 13.11 u(x 0 ) = 0. Thus, it is sufficient to prove that (au’)(x 0 ) = 0. Since 
u' £ H 1 ( 0,1) and a £ IV 1,oo (0,1), then au' £ C[0,1] and \fau’ £ L 2 (0,1). This implies 
that there exists lim x _ ) . a ; 0 (aM , )(a:) = (au')(x 0 ) = L £ R. Proceeding as in the proof of [20l 
Proposition 3.6], one can prove that L = 0, that is (au')(x 0 ) =0. □ 


4 Carleman estimate for degenerate parabolic problems: 
the divergence case 

In this section we prove an interesting estimate of Carleman type for the adjoint problem of 
m in divergence form 


{ v t + (av x ) x = h, (t, x) £ Q t , 

v x (t, 0) = v x (t, 1) = 0, t£(0,T), 

v(T, x) = v T {x) £ L 2 ( 0,1), 

where T > 0 is given. As it is well known, to prove Carleman estimates the final datum is 
irrelevant, only the equation and the boundary conditions are important. For this reason 
we can consider only the problem 

\v t + (av x ) x = h, (t, x) £ Q t , ^ 

l>M) = t> x (i,l) = 0, t£(0,T). 

Here we assume that h £ L 2 (Qt) and on a we make the following assumptions: 
Hypothesis 4.1. The function a is such that 

1. the operator A\ is weakly or strongly degenerate; 

2. in the weakly degenerate case a £ VF 1,:L (0,1) D C 1 ([0,1] \ {Ao}), in the strongly degen¬ 
erate one a £ l / F 1,oo (0,1); 
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3. 


if Ai is strongly degenerate and K > —, then there exists a constant d 6 (0, A'] such 
that the function 


x i ^ 


a(x) 
\x - 


is nonincreasing on the left of a; = Xo, 
is nondecreasing on the right of x = Xq- 


In addition, when AT > —, the previous map is bounded below away from 0 and there 
exists a constant E > 0 such that |a'(x)| < E|x — £o| 2l? ~ 3 for a.e. x £ [0,1]. 

Here AT is the constant that appears in Definition 11.21 


Remark 1. The additional requirements when AT > 3/2 are technical ones and are intro¬ 
duced in m Hypothesis 4.1] to guarantee the convergence of some integrals for this sub-case 
(see [HI Appendix]). Of course, the prototype a(x) = \x — Xo\ K satisfies such a condition 
with i9 = K. 


As in m or i n mi Chapter 4], let us introduce the function <p(t,x) := 0(i) if(x), where 


0(f) := 




and i/j(x) := C\ 


y-x o 

a(y) 


dy - c 2 


(4.3) 


with C 2 > max 


(1 - Xq ) 2 


and ci > 0. Observe that O(t) —► +00 as t —> 


a(l)(2 — K) a(0)(2 — K) 

0 + ,T~ and by [1S1 Lemma 2.1], we have that -~c\c 2 < , 0( x ) < 0. Our main result is thus 
the following: 

Theorem 4.1. Assume Hypothesis^ TJ Then, there exist two positive constants C and so, 
such that every solution v of (14.11) in V := L 2 (0, T; D{A{fj fl H 1 (0, T; H^(0, 1)) satisfies, 
for all s > so, 

[ [ (sQa(v x ) 2 + s 3 0 3 —— ^—v 2 ^]e 2sip dxdt<C [ [ (h 2 + v 2 )e 2sip dxdt. (4.4) 

Jo Jo \ a ) Jo Jo 

Moreover, if u is a strict subset of (0,1) such that xq 6 u>, then (14.41) becomes 

r T r i 


J J ^sOa(v x ) 2 + s 3 0 3 —-— e 2sv dxdt 


rT /*! 


< c 


h 2 e 2s(p dxdt - 


/0 Jo 


/ 0 J uj 


v 2 e 2sip dxdt^j . 


(4.5) 


Remark 2. Observe that an inequality analogous to (14.41) in the non degenerate case is 
proved in [2 lj , where the authors show that 

(sQ{v x ) 2 + s 3 ©V) e 2scp dxdt <C[ f [ h 2 e 2s(p dxdt + s 3 f [ ©Ve 2 ^ 

\J 0 Jo Jo Jui 

(4.6) 

for a different weight function ip and for a fixed subset oj compactly contained in (0,1). 
We underline that we don’t have such a subset u>, but we don’t have s 3 © 3 in the term 
/ 0 T fl v 2 e 2s ' p dxdt. However, such an integral cannot be estimated by 

s 3 f T /'qS ( X ~ X o) 2 v 2 e 2s Vdxdt 

Jo Jo a 

due to the degeneracy term, and so (14.41) is a good alternative of (14.61) . 
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In order to prove the previous theorem the following Carleman estimate given in m 
Theorem 4.1] is crucial: 

Theorem 4.2. Assume Hypothesis [TTJ Then, there exist two positive constants C and s 0 
such that every solution v £ L 2 (0,T;"H 2 (0, 1)) fl H 1 (0, T; 1)) of 

f v t + {av x ) x = h , (t,ar) £ (0,T) x (0,1), 

\v(t, 0) = v(t, 1) = 0, t £ (0, T ) 

satisfies, for all s > sq, 

J ^ sQa(v x ) 2 + s 3 @ 3 —- -^-u 2 ^ e 2sip dxdt 

< C h 2 e 2sv dxdt + sc\ J [aQe 2sv, (x — xo){v x ) 2 df\* c= ^J , 

where c\ is the constant introduced in gp . Here 

H\( 0,1) := {it is absolutely continuous in [0,1], 

\[av! £ L 2 ( 0,1) and rt(0) = u(l) = 0}, 

in the weakly degenerate case and 

"H 3 (0,1) := {m £ L 2 ( 0,1) | u locally absolutely continuous in [0, aro) U (aro, 1], 

\[au £ L 2 (0, 1) and u(0) = u(l) = 0} 

in the strong one. In any case 

n 2 a ( 0,1) := {u £ H l a { 0,1)1 au' £ H\ 0,1)}. 

We underline the fact that in |19] the previous theorem is proved in the weakly degenerate 
case under the weaker assumption a £ W /1,1 (0,1). 

Proof of Theorem E3 To prove the statement we use a technique based on cut off functions. 
To this aim, since xo £ (0,1), we choose a,/3 > 0 such that a < ft < Xq, 1 + /? < 2 — aro, 
and consider a smooth function £ : [—1, 2] —> R such that £ = 1 in [—a, 1 + a) and £ = 0 in 
[—1, — /?] U [1 + /3, 2], Now, we consider 


(v(t, 2-ar), x £ [1,2], 

W(t,x) := < v(t,x), x £ [0,1], 

x £ [—1,0], 

where v solves (ED- Thus W satisfies the following problem 

(w t + (dW x ) x = h, (fix) £ (0, T) x (-1,2), 

[W x (t,-l) = W x (t,2) = 0, t £ (0,T), 

being 

{ a(2 — x), are [1,2], (h(t,2 — x), are [1,2], 

a(x), are [0,1], and h(t, x) := < h(t, ar), are [0,1], 

a(— x), are [—1,0] [/i(f,—ar), are [—1,0] 


(4.7) 


(4.8) 


(4.9) 
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Observe that a belongs to W rl,1 (—1,2) in the weakly degenerate case and to W 1,00 (—l,2) 
in the strongly degenerate one. Now, set Z := and take <5 > 0 such that 0 + 5 < Xq and 
1+0+5<2— xo- Clearly, — Xq < —0 — <5. Then Z solves 

(Z t + (aZ x ) x = H , (t, x) £ (0, T) x (—0 — 5,1 + 0 + 5), 

\Z{t,-0-5) = Z(t,l+0 + 5) = O, te (0, T), 

with H := £h + ( a£ x W) x + a£ x W x . Observe that Z x {t, —0 — 5) = Z x (t , 1 + /? + <5) = 0 
and, by the assumption on a and the fact that £ x is supported inj—/3, —a] U [1 + a, 1 + 0], 
H £ L 2 ((0, T) x (—0 — 5 ,1 + 0 + <5)). Now, define ip(t, x ) := Q(t)ip(x), where 


^(a;) := < 


i/>(2 — x) = Ci 
ip(x), 

ip{-x) = Ci 


t — 2 + Xq 


'2—x 0 


i(t) 


dt — C2 


t + X 0 

a(t) 


dt — C2 


X£ [1,2], 

x £ [0,1], 

x £ [-1,0]. 


(4.10) 


Thus, we can apply the analogue of Theorem l4.2l on (—0 — 5,1 + 0 + 5) in place of (0,1) and 
with weight tp, obtaining that there exist two positive constants C and Sq (sq sufficiently 
large), such that Z satisfies, for all s > sq, 

T 1+ p +S , + s 3 q3 (_X_ Z Xof z2 \ e 2 s0 dxdt 

JO J-p-8 \ a ) 

( rl+P+S __ rT _ ..a 

I / / H 2 e 2s ^dxdt + sc\ / \aQe 2s ^{x — Xo)(Z x ) 2 dt] 1 

\J 0 J-p-8 Jo X ~ P 


< C 

= c 


x = 1+ p +s \ 
5 


r T rl+P+8 


H 2 e 2s *dxdt. 


JO J-P-8 

By definition of £, W and Z, we have 

rT r 1 


J J ^sQa(v x ) 2 + s 3 0 3 ———^-u 2 ^ e 2stp dxdt 
= 1 J (^Qa(Z x ) 2 + s 3 Q 3 ^—-p^Z 2 ^e 2s ^dxdt 

r T rl+P+S / It — Tnl 2 \ /" T / >1 +^+< 5 

</ / (sQa(Z x ) 2 + s 3 @-- z -^-Z 2 )e 2s(p dxdt<C / H 2 e 2sv dxdt. 

Jo J-p-8 \ a J Jo J-P-8 


Using again the fact that is supported in [—0, —a] U [1 + a, 1 + 0} where a' is bounded 
(recall that, using the assumption on a, a is C 1 far away from :co,0 and 1 in the weakly 
degenerate case and it is 1, 2) in the strongly degenerate one), it follows 


rT rl+P+8 rT rl+P+8 

/ / H 2 e 2s ^dxdt = / / 

/ 0 J-P-8 Jo J-P-8 

( rT rl+P+8 


{£h + {a£ x W) x + a£ x W x ) 2 e 2sip dxdt 


< C 


< C 


h 2 e 2s ^ dxdt ■ 


Jo J-p-8 

rT r2 


r 1 +U 

n+a . 


(W 2 + dW 2 )e 2s ^dxdt] 


(h 2 + dW 2 + W 2 )e 2s *dxdt. 


' 0 J -1 
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Hence, using the definitions of <p, a, h and W, it results 


J J ^s0a(ux) 2 + s 3 0 3 ———^-u 2 ^ e 2sv dxdt < C J J (h 2 + aW 2 + W 2 )e 2si ^dxdt 

< C f f ( h 2 + a&v 2 + v 2 )e 2sv dxdt 

Jo Jo 


(4.11) 

for all s > sq. Hence, we can choose So so large that, for all s > Sq and for a positive 
constant C: 

f [ (sOa(v x ) 2 + s 3 0 3 — - ^—v 2 '\e 2sip dxdt<C [ [ (h 2 + v 2 )e 2sv dxdt. 

Jo Jo \ a J Jo Jo 

The last part of the theorem follows by (14.dl) . Indeed, we have 

I I + s3 ® 3 ~— ^—v 2 ^je 2sv dxdt<C J J (h 2 + v 2 )e 2s ‘ p dxdt 


= C 


< C 


ff 

ff 

/ 0 Jo 


h 2 dxdt■ 


h 2 dxdt - 


v 2 e 2sv dxdt 


>0 J(0,l)\w 


0 


3 (x-x 0 ) 2 2 


>0 J(0,l)\ui 


f j v 2 e 2sv dxdt\ 

0 Jui J 

v 2 e 2sip dxdt + f f v 2 e 2s(p dxdt\ 

Jo Jui ) 


< 


C ( f f h 2 dxdt+ f f 0 3 —- ^—v 2 e 2sip dxdt+ f f v 2 e 2sv dxdt j . 

\J o Jo Jo Jo a Jo Jui J 


Hence, we can choose So so large that, for all s > So and for a positive constant C : 

r r / \2 i „3o3 ~ ^ o ) 2 2 ^ 


J J ^sOa(v x ) 2 + s 3 0 3 ———^-w 2 ^ e 2s,p dxdt 


r T r \ 


< C 


h 2 dxdt 


/ o Jo 


' 0 J uj 


v 2 e 2stp dxdt ^ . 


□ 

We underline that, in the weakly degenerate case, the assumption a € C* 1 [0,1] \ { 2 : 0 } 
is crucial in the previous proof. Indeed, thanks to it, we are able to estimate the integral 
Jo fJ^ S [(a^ x W) x ] 2 e 2s ^dxdt. 

5 Carleman estimate for degenerate parabolic problems: 
the non divergence case 

In this section we prove the analogue of the Carleman estimate given in Theorem [IT] for the 
adjoint problem of m in the non divergence case, when the degeneracy is weak or strong: 

j v t + av xx =h, (t,x) G Qti 

\v x (t,o) = « I (t,i) = o ) t e (o,T). 

Here h € L\(Qt ), while on a we make the following assumptions: 

Hypothesis 5.1. The function a is such that 
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1. the operator A 2 is weakly or strongly degenerate; 

2. the function (x ~ x °\ a '^ e W^JO, 1); 

a(x) 

3. if K > — (14.21) holds. 

2 

Remark 3. We underline the fact that in the non divergence case the assumptions on 
a are weaker than in the divergence case. Indeed the integrals that appear in the proof 
of the Carleman estimate do not contain the derivative of a, thus we don’t required any 
bound on it (see, in particular, (E2D). Moreover, the additional condition when K > 3/2 is 
not necessary, since all integrals and integrations by parts are justified by the definition of 
D{A 2 ). 

Moreover, Hypothesis 14.11 3 is substituted by Hvpothesis l5.1l 3. which is essential to prove 
[191, Theorem 4.2] (see (T9] Lemma 4.3] and [8] Lemma 3.10] or [9] Lemma 5] for the case 
when the degeneracy occurs at the boundary of the domain). 

To prove an estimate of Carleman type, we proceed as before. To this aim, as in m 
Chapter 4], let us introduce the function y(t, x) := Q(t)p(x), where 0 is as in (14.31) and 

" (l) := * (/„ E fgJ eRlv ~” fiy ~ d2 ) ■ (5 ' 2) 

f (1 — XQ gRA~ x o) XriC^ 000 1 

Here d 2 > max < - - --——-, --———- >, R and d\ are strictly positive constants. 

| (2-R>(l) (2 — K)a(0) J J 

The main result of this section is the following: 

Theorem 5.1. Assume Hypothesis \5.1[ Then, there exist two positive constants C and so, 
such that every solution v of (15.11) in S := H 1 (0, T ; H\ (0,1)) DI 2 (0,T; H\ (0,1)) satisfies 


| r | 1 ^0W 2 + s 3 e 3 ( I Xo 


v 2 I e 2si dxdt 


< C 


r T r 1 p 2s7 
/ / h 2 - dxdt 

Jo Jo a 


j J v 2 e 2s ' y dxdtj 


(5.3) 


for all s > So- 

In particular, if to is a strict subset of (0,1) such that Xq £ u>, then (15.31) becomes 


ff 

<c( I 


sO(v x ) 2 + s 3 0 3 ' X Xo 


a 


v 2 I e 2si dxdt 


r T r i 2s7 


-dxdt 


)o Jo 


j J v 2 e 2s ' y dxdtj . 


(5.4) 


Concerning the previous theorem we can make the same considerations of Remark [2] 
Moreover, using the fact that L\{ 0,1) C L 2 ( 0,1), from (15.31) we can obtain 



^s0(u x ) 2 + s 3 0 3 


f X-Xp 

V a 


„ f T f 1 e 2si 

v 2 I e 2si dxdt <C / ( h 2 + v 2 ) - dxdt. 

I Jo Jo a 


However, in Section [G] we will use the previous version (see (16.221) 1. 

To prove Theorem 15.11 we will use the Carleman estimate given in m Theorem 4.2] for 
the analogous problem of (15.11) with Dirichlet boundary conditions: 
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Theorem 5.2. Assume Hvvothesis 15.11 Then, there exist two positive constants C and sg 
such that every solution v 6 H 1 (0, T; TL\ (0,1)) fl L 2 (0, T; H 2 (0,1)) of 


v t + av xx = h ( t,x)eQ T , 

u(f, 0) = u(i, 1) = 0 f G (0, T), 


satisfies, for all s > sg, 


J fs@(u x ) 2 + s 3 © 3 ^ v 2 je 2s(p dxdt 


< C 



e 2s(p 

h 2 - dxdt + sdi 

a 



x 0 )(v x ) 2 dt\ 



(5.5) 


where d\ is the constant introduced in ea. Here 

Hi(0,i) := L\ (0,1) fl Hq(0, 1), 


and 

Hi (0,1) := ju G TL\(0, 1) | u' S H X {Q, 1) j. 

Proof of Theorem \5.1[ The proof is similar to the one of Theorem 14. II So we sketch it. To 
this aim consider a , /3, 5, W and Z as before. Obviously, W and Z satisfy, respectively, 
the following problems 

(w t + dW xx =h, (t,x) e (0,T) x (-1,2), 

\W x (t,-l) = W x (t,2) = 0, t e (0,T) 

and 

(Z t + aZ xx = H, (t , x) 6 (0, T) x (— fl — S, 1 + f) + (5), 

\Z(t,-p-5) = Z(t,l + p + 6) = 0, t e (0,T), 


being a and h defined as before and H ■— fh + a(£ xx TT + 2 f x W x ). Observe that Z x (t, —fi — 
5) = Z x (t,l + /3 + S) = 0 and, by the assumption on a, H £ L 2 ((0, T); (—/? — 5 ,1 +/3 + <5)). 

Now, define 7 (t,x) := <d(t)fi(x), where 


fi{x) 


/r (2 — x) = d± 


J 2 -X 0 


d{t) 


< p(x), 
p.{-x) = d\ 


' r t+^ e R { -t- xo)dt 

J-x 0 a(t) 




x e [1,2], 
x e [0,1], 
X € [—1, 0] 


(5.6) 


Thus, we can apply the analogue of Theorem l5.2l on (—/3 — 5 ,1 + /?+ 6) in place of (0,1) and 
with weight 7 , obtaining that there exist two positive constants C and Sg (Sg sufficiently 
large), such that, for all s > Sg, 


rT rl+0+8 

/ 0 J-B-8 


S Q(Z X ) 2 + s 3 Q 3 ( 



e 2s ^dxdt 


( f T r 1 +P+s e 2sy 
<C ( / / H 2 ^^dxdt + sd\ 

\J 0 J-p-s a 

rT rl+P+5 2«7 

= C / H 2 —dxdt. 

J 0 J-0-8 a 



Xg)(Z x ) 2 dt 


x—l-\-/3-\-6 

x=—/3—S 
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By definition of £, W and Z , proceeding as in the proof of Theorem 14. 11 we have 


/ 7 1 


sB(t’x ) 2 + s 3 0 3 
T r l+p+s 


3q3 X X 0 


)•-) 

/>! -hp-hO 

/ / (^ + a^ ra W + 2^W,)) 2 . 

Jn J-8-S 


e 2si dxdt < C 


t'T !• l+p+s 2sp 

/ / 

/o J-p-S a 


dxdt 


d 2«7 


-dxdt 


< C 


< C 


r T /-l+£ _ g 2s7 

/ h 2 _ dxdt 


>o J-t 


fT /*2 


f—a /’ 1 +^\ \ 

+ / (kb 2 + Wl)e 2si dxdt 

—p J i+a y y 


+ IT 2 + W 2 e^dxdt. 


Jo J -1 y a j 

As before, using the definitions of 7 , a, /i and W, it results 


(5.7) 


H'( 


s0(v x ) J + s 3 0 3 


3^3 X ~ X 0 


'j 2 e 2si dxdt < CI 


rT r 2 /72 


+ IT 2 + W 2 e 2 ^ dxdt 


< 


cj J —f w 2 + 0 u 2 ^ e 2si dxdt, 


for a positive constant C. Hence, we can choose s 0 so large that, for all s > s 0 , 


r T r i 


/ 0 Jo 


< C 


sQ(v x ) 2 + s 3 0 3 


r T rl „2 S7 


/0 JO 


h - dxdt 

a 


oT r i 


/o Jo 


v 2 J e 2si dxdt 

v 2 e 2si dxdt ^ , 


for a positive constant C. The last part of the Theorem follows as in the proof of Theorem 

EH □ 


6 Observability inequalities as applications of Carleman 
estimates 

In this section we consider problem CLl and we make the following assumptions which are 
the same as in [Ij5] (see Hypotheses 5.2 and 5.3): 

Hypothesis 6.1. Assume Hvpotheses l4.ll Moreover if the operator A\ is weakly degenerate 
then there exist two functions g € Lj^ c ([0,1] \ {zo}), b £ kkjTHiO, 1] \ {^o}; T°°(0,1)) and 
two strictly positive constants go, ho such that g(x) > go for a.e. x in [0,1] and 

-7== ( [ g(t)dt + bo ) + \/a(x)g(x) = \){x,B) for a.e. x, B e [0,1] (6.1) 

2y a,\x) \Jx J 

with x < B < Xo or Xq < x < B. 

Hypothesis 6.2. Assume Hvpotheses l5.il Moreover if the operator A 2 is weakly degenerate 
then there exist two functions g £ A“ c ([0,1] \ {xo}), b £ E \ {^o}; A°°(0,1)) and 

two strictly positive constants go, bo such that g(a;) > go for a.e. x in [0, 1 ] and 

- 7 = ( / g(t)dt + t) 0 ] + y/a(x)g(x) = b{x,B) for a.e. x, B G [0,1] (6.2) 

2 ^ 0 ( 2 ) \J X ) 

with x < B < xo or xo < x < B. 
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Obviously, with ([0,1] \ {a:o};i 00 (0,1)) we denote the space of functions belonging to 

W 1 ’ 00 ^, 1]; L°°(0,1)) far away from {zq}. 


Remark 4. Since we require identities HO and (16.21) far from xo, once a is given, it 
is easy to find and ho with the desired properties. For example, if a(x) := \x — 

xo|“,a £ (0,1), in (16.11) we can take 0o = ho = 1 = 0(x), for all x £ [0,1], and h (x,B) = 
\x — xq\^~ 1 — — sign(a; — xq){B + 1 — x) + \x — Xq\ , for all x and B £ [0,1], with x < 
B < xq or xq < x < B. On the other hand, in (16721) we can take 0o,ho, 0 as before 


a 


and h(a?> B) = \x — xq\ = 1 ^sign(a; — xq)(B + 1 — x) + |a; — xq\ , for all x and B £ [0,1], 


with x < B < xo or Xq < x < B. 
beWj£°([0,l]\{xohL°°(0,i)). 


Clearly, in both cases, 0 € i“ c ([0,1] \ {^o}) and 


In addition we assume that the control set w is an interval which contains the degeneracy 
point or an interval lying on one side of the degeneracy point. 


Now, we associate to CE3D the homogeneous adjoint problem 

v t + Av = 0, (t, x) £ Q t , 

v x {t, 0) = v x (t, 1) = 0, t £ (0, T), 
v(T,x) = vt{x) £ X, 


(6.3) 


where T > 0 is given and, we recall, X denotes the Hilbert space L 2 { 0,1) or L\(0, 1) in the 
divergence or in the non divergence case, respectively. By the Carleman estimates given in 
Theorems ixn and o we will deduce the following observability inequalities for both the 
weakly and the strongly degenerate cases: 

Proposition 6.1. Assume Hvvotheses 16.11 Then there exists a positive constant Ct such 
that every solution v £ C([0, T]; T 2 (0,1)) D T 2 (0, T; ^(0,1)) of (16.31) satisfies 


f u 2 (0, x)dx < Ct [ f v 2 {t,x)dxdt. 

J 0 J 0 J oj 


(6.4) 


Proposition 6.2. Assume Hvvotheses 16.21 Then there exists a positive constant Ct such 
that every solution v £ C([0,T]; L 2 (0,1)) D L 2 (0,T;R] (0,1)) of (16.31) satisfies 


[ v 2 (0,x)—dx < Ct [ [ v 2 (t,x)—dxdt. 

Jo a Jo Jui a 


(6.5) 


6.1 Proof of Proposition I6TT1 

In this subsection we will prove, as a consequence of the Carleman estimate given in Section 
[4] the observability inequality (16.41) . The proof is similar to the one given in [18] or in [I9[ 
Proposition 5.1], so we sketch it. Thus, we consider the adjoint problem with more regular 
final-time datum 

{ v t + A x v = 0, (t,x)&Q T , 

v x (t,0) = v a (t,l) = 0, t £ (0,T), (6.6) 

v(T,x) = v T {x) £ D{A{), 
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where D(A \) = ju £ D(A\) | A\u £ D(Ai) Observe that D(A \) is densely defined in 

D(Ai) (see, for example, [6j Lemma 7.2]) and hence in L 2 (0, 1). As in [8], 0, [17) . [18] or 
m, letting vt vary in D(A\), we define the following class of functions: 



v is a solution of 



Obviously (see, for example, [BJ Theorem 7.5]) Wi C C 1 ([0,T] ; H 2 ( 0,1)) C V C U\, where 
U\ := C([0, T]; L 2 (0,1)) fl L 2 (0, T; 77^(0,1)). We shall also need the following lemma, that 
deals with the different situations in which xq is inside or outside the control region w. The 
statements of the conclusions are the same, however, the proofs, though inspired by the 
same ideas, are different. For this reason we divide the proof into two parts. 

Lemma 6.1. Assume Hvvotheses 16.11 Then there exist two positive constants C and so 
such that every solution v £ Wi of (16.61) satisfies, for all s > Sq, 


[ [ (s<da(v x ) 2 + s 3 0 3 —— '^—v' 2 \e 2sv dxdt<C [ [ v 2 dxdt. 

Jo Jo V a J Jo Joj 

Here O and ip are as in Section [^J with C\ sufficiently large. 

Proof. The proof of Lemma 16.II is divided into two parts to distinguish the cases when w is 
an interval which contains the degeneracy point or it is an interval lying on one side of the 
degeneracy point. 

First case: to = (a, /?) C (0, 1 ) is such that Xq £ ui. 

By assumption, we can find two subintervals oj\ C (0,a;o) and W 2 C (xo,l) such that 
(wi UW2) CC w\{xo}. Now, set A i := inf Wj and fii := supu^, 7 = 1,2 and consider a smooth 
function £ : [0,1] —»■ R such that £ = 1 in [Ai, fa] and £ = 0 in [0,1] \ w. Define w := fv, 
where v solves m - Hence, w satisfies 


\w t + ( aw x ) x = ( af x v) x + f x av x =: /, (f, x) £ ( 0 , T) x ( 0 , 1 ), 

|uj x (t,0) = w x (t, 1) = 0, ie(0,T). 

Applying Theorem ld.il we have that there exist two positive constants C and Sq such that 


r r (s® a (w x ) 2 +s 3 e 3 {x xo) 

Jo Jo v a 

< C ( f T f 1 f 2 e 2stp dxdt + [ T [ 
\ Jo Jo Jo Ju) 


2 \ 

-w 2 )e 2s(p dxdt 
e 2s(p w 2 dxdt) , 


( 6 . 8 ) 


for all s > Sq . Then, using the definition of £ and in particular the fact that and £ xx are 
supported in ui, where oj := [inf oj, Ai] U [fa, sup w], we can write w 2 + f 2 = (^u) 2 + ((a^ a; v) x + 
f x av x ) 2 < v 2 Xu + C{y 2 + {v x ) 2 )xu, since the function a' is bounded on oj. Hence, applying 
the Caccioppoli inequality HD Proposition 4.2] and (16.81) . we get 

Jo C ( S0O( ^ )2 + 5 3 e 3 (X ^ 0) ^ 2 ) e 2s *dxdt 

~ Jo Jo i Sea( - Wx)2 + s3Q3 ^ T° )2 W2 ) ^ (0) 

< C f f v 2 e 2sv dxdt + C f f e 2scp (v 2 + {v x ) 2 )dxdt < C f ( v 2 dxdt, 

J 0 J to J 0 J Oj J 0 Jo u 
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for a positive constant C. Now, consider a smooth function 77 : [0,1] —>• M such that rj = 1 
in [/3 2 ,1] and 77 = 0 in 0, 2 ^ " . Define z := rjv. where v is the solution of (16.611 . 


Proceeding as in ns Lemma 5.1], we get 

^2 1 3o3 ( x X o) 2 2^ 

f 0 J X 2 


f ( (s@a(z x ) 2 + s 3 0 3 —— ^—z 2 ')e 2sip dxdt<C f f v 2 dxdt 
Jo J a, ' a 1 Jo Ju, 


for a positive constant C. Indeed z satisfies ED in (A 2 ,l), with h := ( ar] x v) x + ar] x v x . 
Now, define <b(f, x) := 0(t)/9A 2 ,i( a; ); where 0 is as in (14.31) . 


p\ 2 ,i{x):={ 


1 


do 


I - . Q(s)dsdt+ - - 

*A 2 v a (t) Jt Jm \Ja(t) 


dt 


o r C( x ) _ c 


((x) =0 / 
J X 


1 1 , 

- 777 ^: 

a(t) 


— c, in the weakly degenerate case, 

in the strongly degenerate case, 

( 6 . 10 ) 


where 5 = ||a , ||i 00 (A 2 ,i)! r > 0 and c > 0 is chosen in the second case in such a way that 

maxm, 1 < 0. 

[*2,1] 

Thanks to Hypothesis 16.11 we can apply the Carleman estimates stated in pj|J Theorem 
3.1] for non degenerate parabolic problems with non smooth coefficient in (A 2 ,1). Moreover, 

2 + P 2 0 anc j using the Caccioppoli inequality m Proposition 


since h is supported in 
4.2], we get 




[ [ sQ(z x ) 2 e 2s ® dxdt + [ [ s 3 0 3 z 2 e 2 ^dxdt 

J 0 J Ac? J 0 JX 9 . 

+ C ( f e 2s ^(v x ) 2 dxdt (6-11) 

J 0 J uj-i 


r T r l 


> 0 </ A2 

pT r l 


' 0 J X 2 
r T 


<c / e 2s<s? h 2 dxdt <C / v 2 dxdt 


J 0 J X 2 

< C f ( v 2 dxdt, 
JO J UJ 


f 0 J uj\ 


where = (A 2 , /3 2 ). 

Now, choose the constant C\ in (14.31) so that 


[ — j -— / g(s)dsdt + [ — 7 ^— dt 

i a 2 Jt J a 2 \JaJt) 


+ c 


Cl > < 


C2 


C — 1 


(l-^o ) 2 

«(1)(2 -K) 


— =: n in the weakly degenerate case, 
in the strongly degenerate case, 
(6 - 12) 

where c is the constant appearing in (16.101) . Then, by definition of ip, the choice of Ci and 
HB Lemma 2.1], one can prove that there exists a positive constant k, for example 


(1 ~ Xp) 2 

C2 o(l)(2 -K) 


k = max < max a 


such that 


(l-^o ) 2 

a(l) 

a(x)e 2sif,{t ' x) < ke 2s * {t ’ x) 


(6.13) 


20 


























and 


( x x 0 ) e 2 s V (t,x) < ke 2sHt,x) ( 6 . 14 ) 

a(x) 

for every (t,x) £ [0,T] x [A2,1]- Note that the value of k can be immediately found by 
estimating the coefficients of e 2sl ^( t ’ x ') in (16.131) and (16.141) . once known that e 2s ' p ( t > x ) < 
e 2 us j n g p(gj Lemma 2.1]. Finally, condition (16.121) is a sufficient one to get e 2s vd6D < 
g 2 s3>(t,x) ; an( j ii can Le found by using [TS] Lemma 2.1] and rough estimates. 

Thus, by (16.1111 . one has 


J j ^s0a(2 x ) 2 + s 3 0 3 —— ^—z 2 ^e 2sv dxdt 


r T r 1 
/ 0 J X 

<kf f sQ(z x )~e 
Jo J A2 

< kC j f v 2 dxdt 

Jo J uj 


2J2s<& 


dxdt + k f f s 3 0 3 z 2 e 2s ®dxdt 
Jo J X 2 


for a positive constant C. As a trivial consequence, 

J J (s<da(v x ) 2 + s 3 0 3 -- ~^—v 2 ^e 2sv> dxdt 


'0 Jp 2 

r-T r l 

< 

Jo J A2 


[ [ (s@a(z x ) 2 + s 3 Q 3 — - ^J—z 2 \e 2sv> dxdt<C [ [ v 2 dxdt 

Jo J ' a ) Jo Ju 


(6.15) 


for a positive constant C. Thus (16.91) and (16.151) imply 
rT rl ' . (x — xo) 2 


f f (s0a(v x ) 2 + s 3 0 3 —— ^J—v 2 \e 2sip dxdt < C [ [ v 2 dxdt , (6.16) 

Jo J a, v a J J Q J u 


for some positive constant C. To complete the proof it is sufficient to prove a similar 
inequality on the interval [0,Ai]. To this aim, we follow a reflection procedure considering 
in [—1,1] the function W defined in (14.71) (in this case v solves (16.61) 1. Then W satisfies the 
equation of (14.81) in (0,T) x (—1,1) and W x (t,— 1) = W x (t, 1) = 0. Now, consider a cut 

off function p : [—1,1] —> K such that p = 1 in (—Ai, Ai) and p = 0 in 1 ^ 1 


- 1 ,— 


U 


Ai + 2f3i 


. Define Z := pW , (p{t 7 x) := &(t)ip(x), where ip is the function dehned in 


(14.101) but restricted to [—1,1] and 


Ci > max < 


n, 


rPl 


I-Pi Jt 


g(s)dsdt 


ho 


-pi VW) 


dt 


C2 


a(0)(2 — K) 


in the weakly degenerate case, and 


Ci > max ■ 


c — 1 


c — 1 


(l~x 0 ) 2 
C2 a(l)(2-K) 


C2 


a(0)(2 — K) 


21 






































in the strong one. Thus, by definition of (p, one can prove as before that there exists a 
positive constant k , for example 


k = max 


max a, 

a( 0) 


such that 


a{x)e 2s< P {t ' x) < ke 2s ^' x) 


and 


(x - x 0 ) 2 
a(x ) 


g 2 sip(t,x) < ^,g2s®(t,x) 


for every (t,x) € [0, T] x [— ffiffii). Here d is the function introduced in (Id.91) restricted to 
[—/3i,/3i]. Applying again the Carleman estimates for a non degenerate problem with non 
smooth coefficient proved in m Theorem 3.1], there exist two positive constants, that we 
call again C and sq, such that 


,-T rpi 


>o J-Pi 

r T r pi 


(sQa{Z x ) 


2 _|_ s 3q 3 _fo) 2 7 2 


Z 2 Y^dxdt 


rT r Pi 


<k / sQ{Z x ) 2 e 2s ®dxdt + k / / s 3 Q 3 Z 2 e 2s ® dxdt 


< C 

< C 

< C 

< c 


10 J-f 3i 
r T rfii 

0 J-l 3, 

rT r - Ai 


10 J-l 3i 


e 2s ®h 2 dxdt 


m \ 1 +’2P 1 

c 1 r o 


/ n / A i+ 2 / 3 i 

u 2 

r T phlllil. 

/ / ' 

/O Ai 

.<7^ - ^1+2^1 

/* o 


e 2s<I> (fT 2 + {W x y)dxdt + C 


e 2s *(fT 2 + {W x y)dxdt 


I 0 ^ Ai 


e 2s<p (lT 2 + {W x y)dxdt 


rp ^1+2/3]^ 


v 2 dxdt + C 


e 2s ( v x ) 2 dxdt < C 


l dxdt , 


0 Ai «/ 0 J Ai J 0 Joj 

for all s > So- Hence, by (16.171) and the definition of W and Z, we get 


(6.17) 


J ^s 3 0 3 —- ^—v 2 + s@a(v x ) 2 ^Je 2sip dxdt 

- Jo J 1 ( s303 ^ w2 + sed ( w ^ 2 ) e2s ^ dxdt 

— I l (s 3 Q 3 — — _ a '°^ Z 2 + sQa(Z x ) 2 '] e 2s ^dxdt, < C [ [ v 2 dxdt, 

Jo J~p 1 v a / Jo Ju 



(6.18) 


for a positive constant C. Therefore, by (16.161) and (16.181) . Lemma [6711 follows. 

Second case: to = (a, /?) C (0,1) is such that Xq ^ Q. 

The idea is quite similar to the first part of the proof, so we will go faster in the calcula¬ 
tions. Suppose that Xq < a (the proof is analogous if we assume that /3 < Xq with obvious 

‘lex T /3 , ex T 1/3 


adaptations); moreover, set A := 


and C : = 


so that a < A < £ < f3. Then 


define w := £v , where v is any fixed solution of (16.61) and £ is a cut off function such that 
£ = 0 in [0, a] U [/3,1] and £ = 1 in [A, £]. Hence w satisfies (16.71) and f 2 < C{v 2 + ( v x ) 2 )xcj, 
where lu = (a, A) U (£, /3). Applying Theorem 14.II to w , we have that there exist two positive 
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constants C and sq such that 


J J (sQa{w x ) 2 + s 3 0 3 --— w 2 ^ e 2stp dxdt < C J J e 2sv {w 2 + f 2 )dxdt, (6.19) 


\2 | n 3n3 (*^ * 0 )“ 2 


7 

0 Jo 


for all s > So- Hence, using [El Proposition 4.2], we find 

-v 2 ^ e 2sip dxdt 


f ' T fC ( s Qa(v x ) 2 + s 3 Q 3< ^ Xo)2 - 2 


IX V 

r T r l 


< 


J J (s<da(w x ) 2 + s 3 <d 3 — — ^—w 2 ^e 2sv> dxdt 

rT 


< C f f v 2 e 2sip dxdt + C j f e 2sv> (v 2 + {v x ) 2 )dxdt < C f f v 2 xdt. 

JO J UJ Jo J UJ Jo J UJ 


T 

0 J uj 


As in the first case of the proof, consider a smooth function rj such that r/ = 0 in [0, A] and 
r/ = 1 in [£, 1], Defining 2 := pv, one can prove again 


J J (^sQa(z x ) 2 + s 3 0 3 —— J ^—z 2S je 2sv dxdt<C J J v 2 dxdt , 


'0 J ex 

for a positive constant C and s large enough. Hence, 

\2 , „3ri3 ( X — ^o) 2 2^ 


T 

0 J uj 


J J ^s@a(v x ) 2 T s^@ 3 —— ^—v 2 ^e 2s<p dxdt < C J J v 2 dxdt 


( 6 . 20 ) 


for some positive constant C and s > sq. To complete the proof it is sufficient to prove a 
similar inequality for x £ [0, A]. Using a reflection procedure as in the first part of the proof, 
where this time p is a smooth function such that p : [—1,1] —>■ R, p = 0 in [—1, —£] U [£, 1] 
and p= 1 in [—A, A] and applying Theorem 14.21 one has 


[ [ (sOa(v x ) 2 + s 3 © 3 —— ^—v 2 ')e 2sv ’dxdt<C [ [ v 2 dxdt, (6-21) 

Jo Jo V a J J Q J,, 

for a positive constant C and s large enough. Therefore, by (16.201) and (16.211) . the conclusion 
follows. □ 


We underline that to prove Lemma 16.11 a crucial role is played by the Carleman esti¬ 
mates stated in [ 19] Theorem 3.1] for non degenerate parabolic problems with non smooth 
coefficient. Moreover, in order to apply such a result equation ASH) is essential. 


Using Lemma 16.11 we obtain the following result which is crucial to prove Proposition 


Lemma 6 . 2 . Assume Hypotheses 10.11 Then there exists a positive constant Ct such that 
every solution v € Wi of (16.61) satisfies (16.41) . 

Proof. The proof is similar to the one of m Lemma 5.3], but we quickly repeat it for the 
reader’s convenience. 

Multiplying the equation of (16.61) by vt and integrating by parts over (0,1), one has 


X=1 
0 


0 = / {v t + {av x ) x )v t dx = / (v 2 + ( av x ) x v t )dx = / v 2 t dx + [av x v t ]l L, 

Jo Jo Jo 

r 1 , f 1 2j i d r 1 . i d f l . , 2 , 

— / av x vt x dx = / v f ax -— / a(v x ) > — — — / a(v x ) ax. 

J 0 Jo ‘ 2dtJo Kx> - 2dtJo K xJ 
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Thus, the function t J^ a(v x ) 2 dx is increasing for all t £ [0,T]. In particular, 

/ av x (0,x) 2 dx < / av x (t,x) 2 dx for every t £ [0,T]. 

Jo Jo 


Integrating the last inequality over 
a positive constant C such that 

f a(v x ) 2 (0,x)dx< 

Jo 1 

< Ct 


T 3 T 

4’T 


_ 3 T „1 

2 f 1 


J o 


and using Lemma 16.11 we have that there exists 

a(y x ) 2 (t, x)dxdt 


3T -j^ rj-1 

[ [ s<da(v x ) 2 (t,x)e 2sv> dxdt < C f f v 2 dxdt. 

J% Jo Jo Jui 


Applying the Hardy- Poincare inequality given in |18[ Proposition 2.3] and the previous 
inequality, one has 

/ (7 - -—cy ] u 2 (0, x)dx < / - --— ^rV 2 (0,x)dx 

Jo \{x~x 0 yj J 0 ( X-XoY 

<Chp [ p(v x ) 2 (0,x)dx 

Jo 

< max{Ci, C 2 }C H p [ a(v x ) 2 (0,x)dx 

Jo 


< C / / v 2 dxdt, 

JO J U) 


for a positive constant C. Here p(x) = (a(x)|x — Xol 4 ) 1 ^ 3 if K > — or p(x) = max ala; — Xo| 4 ^ 3 

3 [o,i] 

otherwise 


C2 := max 


C 1 := max 

4 /3 (1 ~ X 0) 4 / 3 \ 


f(A.V /3 ( 0 -xq) 2 \ 2/3 \ 
\U(0)J ’l 0(1) J /' 


d/3 (1 _ x 0 )4/3 I 

■7—, -—- > and Chp is the Hardy-Poincare constant. 

;( 0 ) o(l) J 


a(x) 

By im Lemma 2.1], the function x 7--—is nondecreasing on [0, xo) and 

(■x - x 0 y 


nonin¬ 


creasing on (xq, 1]; then 


a(x) ^ 1//3 
(x - x 0 ) 2 


KAr.wri 


Hence 


and the thesis follows. 


C 3 f v(0,x) 2 dx<C f 
Jo Jo 



□ 


Using Lemma 16.21 and proceeding as in m Proposition 5.1], one can prove Proposition 

IQ 
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6.2 Proof of Proposition 16.21 


As for the proof of Proposition 16.21 we consider again the adjoint problem (16.61) where the 
operator A\ is replaced by A 2 . In this case, 

W2 := ju is a solution of (16.61) . with A 2 in place of Ai j 

with W 2 C C 1 ([0, T] ; H\ (0,1)) C5CW 2 , and U 2 := C([0, T]; L\ (0, l))nL 2 (0, T; H\ (0,1)). 
As in n Lemma 5.4], one can prove 

Lemma 6.3. Assume Hypotheses 16.21 Then there exist two positive constants C and sq 
such that every solution v £ W 2 of m satisfies 


[ [ (sQ(v x ) 2 + s 3 0 3 (- -— ^ v 2 ] e 2si dxdt < C [ f v 2 —dxdt 

Jo Jo \ \ « / ) Jo Jw a 

for all s > So • Here O and 7 are as in Section [3 with d\ sufficiently large. 

The proof of the previous lemma is similar to the one of ns Lemma 5.4] if w does not 
contain the degenerate point. On the other hand, if lo contains Xq, one can proceed as 
in the first part of the proof of Lemma 16.11 with the suitable changes, but we repeat here 
for the reader’s convenience. Also in this case, we underline that for the proof a crucial 
role is played by the Carleman estimates stated in [lS Theorem 3.2] for non degenerate 
parabolic problems with non smooth coefficient. Again, to apply such a result equation 
(16.21) is essential. Another important result to prove Lemma 15751 is the following Caccioppoli 
inequality for the non divergence case: 

Proposition 6.3 (Caccioppoli’s inequality). Assume that either the function a is such that 

the associated operator A 2 is weakly degenerate and (16.21) holds or the function a is such 

that A 2 is strongly degenerate. Moreover, let I' and I two open subintervals of ( 0,1) such 

that I' CC I C (0,1) and xq I- Let <p(t,x) = 0(f)Y(a;), where 0 is defined in (14.31) 

and T £ C([0,1], (—00,0)) D C 1 ([0,1] \ {zo}, (—00, 0)) satisfies |Y X | < —— in [0,1] \ {a^o}, 

yja 

for some c > 0. Then, there exist two positive constants C and so such that every solution 
v £ W2 of the adjoint problem (1631) satisfies, for all s > sq, 

[ f ( v x ) 2 e 2sv dxdt < C [ [ v 2 —dxdt. 

Jo JI' Jo Jl a 

We omit the proof of the previous result since it is similar to the one of m Proposition 
5.4], 

Remark 5. Of course, our prototype for T is the function g, defined in (15.21) . Indeed, if g 
is as in (15.21) . then, by p~8l Lemma2.l\. 


\g'(x)\ = di 


\x-xo\e 


R(x—x 0 ) 


a(x ) 


— di\ 


— Xo\ 2 e 2R ( x “o ) 2 


a(x) 


< c- 


y/ajx) \J a{x) 


Proof of Lemma \6.3l Assume that w = (o,/3) C (0,1) and Xq £ w. It follows that we 
can find two subintervals 07 = (Ai,/?i) C (0,Xo) and io 2 = ( X 2 ,fi 2 ) C (xo,l) such that 
a < Ai < fii < x 0 and x 0 < X 2 < fi 2 < fi. Now, consider a smooth function £ : [0,1] —► R 


such that £ = 1 in [Ai, fi 2 ] and £ = 0 in [0,1] \ 


a + 2Ai fi 2 + 2/3 


. Define w := £u, where 


v is the solution of (16. 61) . where, we recall, A\ is replaced by A 2 . Hence, w satisfies 


w t + aw xx = a(f xx v + 2f x v x ) =: /, (t , x) £ (0, T) x (0,1), 

w x (t,0) = w x (t, 1) = 0, t £ (0, T). 
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Applying Theorem 15. 11 we have 


J J ^s0(u; x ) 2 + s 3 0 3 ^ w 2 ^e 2si dxdt 


< C 


rT r l 2 s 7 


/ 0 JO 


- f 2 dxdt 

a 


'0 J to 


w 2 e 2s ' y dxdtj , 


( 6 . 22 ) 


for all s > Sq and for a positive constant C. Then, using the definition of £ and in particular 


a + 2Ai 


j Ai 


U 




132 + 2/3 


we 


the fact that £ x and £ xx are supported in Q, where w := 

can write w 2 + — < v 2 Xui + C(v 2 + ( v x ) 2 )xu■ Hence, applying (16.22[) and Proposition 16.31 
a 

with I' = ui and / = (a, /3\) U (A 2 ,/3), we get 

r T r p 2 / 


J o ^ 2 fs0(w x ) 2 + s 3 0 3 v 2 j e 2 ^dxdt 


< 


r T r l 


> 0 -'O 


sO(w x ) 2 + s 3 0 3 ' X Xo 


v 2 I e 2s7 dxdt 


< C f f v 2 e 2si dxdt + C f f e 2si (v 2 + (v x ) 2 )dxdt 
JO J UJ J 0 J U) 

<C f f v 2 e 2si dxdt + C f f v 2 -dxdt<C f f v 2 —dxdt , 

J 0 Juj Jo J1 a Jo J u a 

for a positive constant C. The rest of the proof is similar to the last part of the first case of 
Lemma 16.11 □ 


Thanks to Lemma 16.31 we have the next observability inequality in the case of a regular 
final-time datum: 


Lemma 6.4. Assume Hypotheses 16.21 Then there exists a positive constant Ct such that 
every solution v € W 2 of (16.61) satisfies (16.51) . 

The proof of the previous result follows as in m Lemma 5.5], but we can refer also to 
the proof of Lemma 16.21 


Using Lemma 16.41 one can prove, as in [5] or j5], Proposition 16.21 


7 Final comments 

We conclude the paper with some comments about the estimates (14.41) and (15.31) . 

A Carleman estimate similar to flUD for the problem in divergence form can follow by 
[51 Theorem 4.1] at least in the strongly degenerate case and if the initial datum is more 
regular. Indeed, in this case, given uq G ^(0,1), u is a solution of (11.21) if and only if the 
restrictions of u to [0,xo) and to (xo, 1], it| [0 xo) and zt| ( 1]f are solutions to 

{ u t - A x u = h(t,x)xu(x), (t,x) G (0, T) x (0,x 0 ), 
u(f,0) = (au x )(t,x 0 ) = 0, t G (0, T), (7.1) 

u(0,s) = u 0 (a;)| [Oi . o j, 


26 













and 


u t - A-lu = h(t, x)xu{x), (t, x) e (0, T) x (x 0 , 1), 

< u(t, 1) = (au x )(t,x 0 ) = 0, te(0,T), (7.2) 

u(0,x) = u 0 (a;)| (xo 

respectively. This fact is implied by the characterization of the domain of Ai given in 
Propositions [22] and by the Regularity Theorems [2ll] when the initial datum is more regular. 
On the other hand if uq is only of class L 2 (0,1), the solution is not sufficiently regular to 
verify the additional condition at {t,x o) and this procedure cannot be pursued. 

Moreover, in the weakly degenerate case, the lack of characterization of the domain of 
A\ doesn’t let us consider a decomposition of the system in two disjoint systems like (17.11) 
and m, in order to apply the results of [3] , not even in the case of a regular initial datum. 

Even if the problem is in non divergence form and the initial data is more regular, the 
above decomposition doesn’t work. Indeed in this case, using the characterization of the 
domain of A 2 , one has that (au x )(t,x 0 ) = 0 (this equality holds only in the strongly degen¬ 
erate case, see Proposition 13.21) . But, to our best knowledge, the only result on Carleman 
estimates in this field is for problems with pure Neumann boundary conditions, in the sense 
that u x (t, xo ) = 0, and with more regular degenerate functions (see |l~7j). that we don’t have 
in our hands. 
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